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Abstract. We compute the automorphisms groups of all numerical Godeaux 
surfaces, i.e. minimal smooth surfaces of general type with K 2 = 1 and p g = 0, 
with torsion of the Picard group of order v equals 3, 4, or 5. We present 
explicit stratifications of the moduli spaces whose strata correspond to different 
automorphisms groups. 

Using the automorphisms computation, for each value of v we define a 
quotient stack, and prove that for v = 5 this is indeed the moduli stack of 
numerical Godeaux surfaces with torsion of order 5. Finally, we describe the 
inertia stacks of the three quotient stacks. 
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1. Introduction 

Numerical Godeaux surfaces are the algebraic surfaces of general type with the 
smallest invariants, K 2 = 1 and p g = 0. For this reason they have been studied 
thoroughly in the history of the classification of algebraic surfaces. Conjectured to 
be rational by Max Noether as a subclass of the surfaces with p g = and q = 0, 
they take their name from Lucien Godeaux: in 1931, he constructed one of them, 
providing the first example of minimal surface of general type with p g = 0. This 
particular example is called Godeaux surface. 

A first classification appears in |Miy76| by Miyaoka: numerical Godeaux surfaces 
are split in five classes up to their torsion group. In [Rci78 , Reid constructs the 
moduli spaces of the three classes with larger torsion group. Up to now, even if 
several examples of surfaces in the other two classes are known, there are no similar 
constructions for them. 

Recently, another viewpoint has been pursued: the observation that all sporad- 
ical examples of numerical Godeaux surfaces with small torsion group admit an 
involution led to the study of numerical Godeaux surfaces with an involution. This 
study has been completed by Calabri, Ciliberto and Mendes Lopes in |CCML07j . 
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who prove a classification theorem for such surfaces. The following step, classifica- 
tion of numerical Godeaux surfaces with an automorphism of order three, has been 
completed by Palmieri in |Pal08j . who found that there are no such surfaces. 

Halfway between the two viewpoints, we consider the problem of finding all the 
automorphisms of the surfaces for which the moduli spaces is known, i.e. the ones 
with large torsion group. Using the constructions found by Reid, we are able to 
compute explicitly the automorphisms groups of such surfaces. The results are then 
split into strata of the moduli spaces and gathered in the three tables[T][2] and|3] An 
interesting observation is that the surfaces with the lower torsion amongst the one 
we consider are all rigid, that is, they do not admit any nontrivial automorphism. 

We observe that the way in which the automorphisms are computed reminds of 
the way one construct a quotient stack. Indeed, we prove that the moduli stack of 
numerical Godeaux surfaces with torsion group of order five is a quotient stack. We 
do this using the automorphisms computation, so we are able to describe explicitly 
the structure of this stack. 

The paper is organized as follows. In §[2j we recall the construction of the moduli 
spaces of numerical Godeaux surfaces with large torsion group given by Reid. In 
§ [3] we present the strategy used to compute the automorphisms groups, giving 
a more detailed description for the easier case as an example; also, we describe 
briefly the computer program we wrote to do most part of the work. We collect the 
results obtained in § [4j In § [5] we define the moduli stacks of numerical Godeaux 
surfaces and prove that the one of surfaces with torsion of order five is a quotient 
stacks. In §[6] we compute the inertia stacks of the quotient stacks coming from the 
automorphisms computation. 
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I would like to heartily thank Rita Pardini, who introduced me to the problem and 
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I am also very grateful to Miles Reid for helpful discussions. 
Notations. A surface will be a (smooth) projective algebraic variety of dimension 
2, defined over C. If S is a surface, we will denote with JCs its canonical divisor; 
the geometric genus of S is p g (S) = h JCs) = h. 2 (S, Os) and its irregularity is 
q(5) = h 1 (S', JCs) = h 1 (S', Os). The characteristic of S is x(S') — 1 — + Pg(^)- 
The torsion group Tors(S') is the torsion subgroup of Pic(S'). The permutation 
matrix associated to the permutation a is denoted as P a . 



2. Numerical Godeaux surfaces 

In this section we will recall briefly what a numerical Godeaux surface is and how 
to construct the coarse moduli space for numerical Godeaux surfaces with torsion 
isomorphic to Z5, Z4 and Z3. We will follow the article [Rei78j with some insights 
from the newer work jReiOO] . Let us start with the raw definition. 

Definition 2.1. A numerical Godeaux surface is a minimal smooth surface of 
general type S with 1C S — 1, Pg(S') = q(S) = so that x(S) = 1- For brevity, in 
the following we will write simply Godeaux surfaces for them. 
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Already in |Miy76| Godeaux surfaces are classified by their torsion group, which 
is a group of order less or equal to 5. In |Rei78J, it is also proved that it cannot be 
Z2 x Z2, therefore there are only five possibilities: the cyclic groups of order from 
5 down to 2, and the trivial group. We restrict our attention to the three classes 
with larger torsion groups, so that our main tool will be the study of the universal 
Galois cover (that is constructed via the torsion group), and the relations between 
the canonical ring of a Godeaux surface and of its cover. To fix notations, from now 
on S will be a Godeaux surface and ip : X — > S the cover associated to its torsion 
group G. 

2.1. Torsion of order five. This is a basic computation, since we can easily find 
the invariants of X and check that in particular TC 2 X = 2p g (A) — 3, i.e. X is a 
Horikawa surface. Then from |Hor76j we know that X is birational to a quintic 
hypersurface in P = P(xi, xi 1 £3, £4), with degXi — 1, by the canonical map tf>: X — > 
X cP. Moreover, X has at most rational double points as singularities. 

The group G acts naturally on X and on H°(/Cx); so H°(/Cx) is a G-module and 
we know that this G-modulc decomposes as the direct sum of the four nontrivial 
characters of G (see for example Proposition 2.4 in |MLP08j ). Therefore we may 
assume that the action p of G on P is fixed and generated by the automorphism 
diag(£, £ 2 , £ 3 , £ 4 ), where £ is a fixed primitive fifth root of unity. Moreover, we will 
often identify G with its image in Aut(P). 

Hence we have to classify all quintic hypersurfaces IcP, fixed by this action, 
with at most rational double points. We will not specify explicitly the locus of 
quintics that do not satisfy the latter condition; as for the former, we only have to 
require that the monomials composing the equation of X are in the same eigenspace 
of H°(X, 5 JCx) with respect to the action of G. Since X cannot pass through the 
fixed points of the action (which are the coordinate points), in the equation there 
are necessarily the monomials x\ , so the eigenspace is fixed to be the one containing 
these monomials. Summing up, the equation is of this kind: 

qo = x\ + x\ + x\ + x 5 4 + 

(1) + biX2X^Xi + 62^1 x 3 x i + b^XiX2X^ + b^XiX2X3 + 

+ c\x\x-$x\ + cix\x\x\ + c-ix\x\x^ + c^x\xix\. 

We have eight affine parameters; to obtain the coarse moduli space, we have to 
remove the points which give surfaces with singularities worse than rational double 
points and to quotient by isomorphisms of the correspondent Godeaux surfaces. 
Such an isomorphism lifts as an isomorphism of P which sends the first X in the 
second and commutes with p. As we will see in Remark |3.3[ for any surface there 
arc only finitely many points corresponding to surfaces isomorphic to the first one; 
this means that we are quotienting by a finite group (this is true also for the next 
two cases). Its action is far from being free, nevertheless we have the following. 

Theorem 2.2. The coarse moduli space M§ of Godeaux surface with torsion of 
order 5 is a finite quotient of a nonempty open subset M5 of A 8 . A point 

{h,b2,b 3 ,b4,, ci, c 2 , c 3 , c 4 ) 

corresponds to the Godeaux surface obtained resolving the singularities of the quo- 
tient by p of the variety defined by equation (nj) in P. 
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2.2. Torsion or order four. For the next two cases, we will compute generators 
and relations of the canonical ring of X. We may use direct computation using the 
property of the canonical ring of S, or gain help from the numerator of the Hilbert 
series as noted in [ReiOOj . For torsion of order 4, we need five generators: xi, x 2 , x 3 
in degree 1, and y x , y 3 in degree 2 (the subscripts denote the eigenspace in which 
the generators lie). So X is naturally embedded in the weighted projective space 
P = P(l 3 , 2 2 ). As for the relations, we have two of them in degree 4, q and q 2 (again, 
the subscripts denote the eigenspaces) . These generators and relations describe the 
canonical ring of X, and one proves that the bicanonical map tj>: X — > X C P is 
a birational morphism and X has at most rational double points. Again, we can 
fix the action p of G (so that it is diagonal) on P and exploit its fixed locus to 
eliminate some parameters from q and q 2 . After some simplifications, they assume 
these forms: 

qo = x\ + x 2 + x 3 + ax x x 3 + a'x x x 2 x 3 + 

+ 2/12/3 + hViXiX 2 + b 3 y 3 x 2 x 3 , 

(2) 3 3 

q 2 = c x x x x 3 + c 3 xix 3 + 

+ d x x\x\ + d 3 x 2 x 3 + 2/1 + y 3 - 

As in the previous case, we have eight parameters, and we have to eliminate 
the points which give bad singularities and to quotient by the isomorphisms of 
underlying Godeaux surfaces. 

Theorem 2.3. The coarse moduli space M4 of Godeaux surfaces with torsion of 
order 4 is a finite quotient of a nonempty open subset M4 of A 8 . A point 

{a,a! ,b\,b 3 ,C\,c 3 ,di,d 3 ) 

corresponds to the Godeaux surface obtained resolving the singularities of the quo- 
tient by p of the variety defined by equations ^ in P. 

2.3. Torsion of order three. Using the same methods as before, we need six 
generators for the canonical ring of A: xi, x 2 in degree 1, yoj Vi, Vi m degree 2, z\, 
z 2 in degree 3. Therefore we should use the tricanonical map to obtain the canonical 
model of A; actually, we can use just the bicanonical map, since one proves that 
it is a birational morphism to P = P(l 2 , 2 3 ). The image of this morphism is not a 
complete intersection; it is described by equations: 

9o = ^1X2(2/0 - 2/12/2) - x\{y\ - 2/o2/i) - £2(2/1 - 2/02/2) + 
+ aixlx 2 yi + a 2 xixly 2 - hxf + bi t2 x\x\ - b 2 x%, 

Po = 2/o + Vi + 2/2 ~ 3y 2/i2/2 + a 1 x 2 1 y y 1 + a 2 xjy y 2 - 

- (ai + a 2 )xix 2 yiy 2 + a x x\y\ + a 2 x\y\ + (61 + 61,2 + b 2 )xfxly + 
+ b 2 x 2 yi - (61 + bi^x^yi + b x x x y 2 - {b x . 2 + b 2 )xix 2 y 2 + 
+ {xl+x 3 2 )S, 

h = xxyx{yl - 2/02/1) + £22/2(2/1 - 2/02/2) - a x x\x 2 y\ - a 2 x x x\y\- 
(b x x\ + b 2 xl)x x x 2 y + b x x\y x + b 2 x\y 2 - x\x\S, 

where S = c x x\ + c 2 x\ + d x x x y 2 + d 2 x 2 y\. 

Actually, omitting h we have the surface X plus three fibers of the projective 
bundle P — > P 1 (obtained projecting to the first two coordinates), restricted to 
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(<7o = 0). Moreover, the parameters are not uniquely determined, since they may 
change by a transformation of the form Xi H ► kxi, yt i-> y^, Z{ n- k~ 1 z i . Accounting 
for these transformations, we have the following. 

Theorem 2.4. The coarse moduli space M3 of Godeaux surfaces with torsion of 
order 3 is a finite quotient of a nonempty open subset M3 of the weighted projective 
space P(2 2 ,4 3 ,6 2 ,4 2 ). A point 

[01,02, &i, 6i,2j b 2 ,ci, c 2 , di, d 2 ] 

corresponds to the Godeaux surface obtained resolving the singularities of the quo- 
tient by p of the variety defined by equations ([3| in P. 

3. Computing automorphisms 

This section is the technical heart of the paper: in the first subsection we will 
discuss the mathematics needed to solve the problem; in the second, as an example, 
we will apply it to the case of torsion of order u = 5, without doing any hard 
computation; in the third we will explain the structure of the program that does 
the computations, referring to the example for clarifications. 

Here we let S be again a Godeaux surface with torsion isomorphic to Z„ with 
v > 3, and t/>: X — »• S its universal Galois cover. Moreover we take cf>: X-)IcP 
to be the canonical (in the case of v = 5) or bicanonical (in the other cases) 
birational morphism as constructed in the previous section. 

3.1. The strategy. We will use without further mention the following facts. 

(1) An automorphism of X C P extends to an automorphism of P (in particular 
is described by a matrix in PGL(n + 1)). 

(2) An isomorphism of two Godeaux surfaces Si and S2 lifts to an automor- 
phism of the universal covers X\ and X 2 . 

(3) The automorphisms of a universal cover X that pass to the quotient to 
automorphisms of S are the ones compatible with the action of G, i.e. the 
ones in the normalizer of Aut(A) relative to the action of G. The kernel of 
the map N Au t(x)(G) -> Aut(S) -> is simply G. 

In every case we studied before, we fixed the action of the torsion group G on the 
projective space P; hence the compatibility with the action does not depend on the 
particular equations of X. Up to now we can describe Aut(5) as the quotient by G 
of Aut(A), and we can represent elements of Aut(X) by matrices in PGL(n + 1). 
Firstly, we have to reduce the possibilities for these matrices. 

Lemma 3.1. A matrix A representing an automorphism a of X is a permutation 
of a diagonal matrix. In particular, the permutation is induced by the action of a 
on the eigenspaces ofH a (nlCx) relative to G. 

Proof. The automorphism a induces an automorphism a* of H° (A, nICx) for every 
n > 0. This gives as a result that A is a block matrix (i.e. «*(•;) = »j for some j, 
where • represents the letter x or y, when it makes sense). Since a is by definition 
compatible with the action of G, also a* is compatible with the action of G on 
H°(X,nJCx), so there is an induced permutation of the eigenspaces relative to G, 
i.e. a* acts on the characters of G as an element of Aut(G) = G* . 

It is now easy to see that A has to be a permutation of a diagonal matrix; 
indeed, if a is in the class relative to g € Z*, then a* sends »j to » gi and this is well 
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defined since in our cases for every n and every g the eigenspace of H° (X, n JCx ) 
with eigenvalue g is at most 1-dimensional. □ 

So, if v = 5 the possible automorphisms are divided in four classes (1, 2, 3, and 
4); if v = 4 there are two classes (1 and 3); if v = 3 there are two classes (1 and 
2). Moreover, for every class we have a fixed permutation and these permutations 
form a group isomorphic to Z*. Hence, the automorphisms groups we will find will 
be semidirect products of some finite group by a subgroup of Z* . 

Let us denote with 7„ the number of generators of the canonical ring considered 
in the previous section, or equivalently the dimension of the projective space in 
which X is embedded. Up to now, to describe an automorphism of X we need 
7, y — 1 complex parameters (because we work in Aut(P)). In the following Lemma, 
we show that these parameters cannot be generic. 

Lemma 3.2. Up to normalizing, the nonzero entries of A are v-th roots of unity. 

Proof. We define A^ and fii implicitly by a*Xi = XiX g i and a*yi = ^iUgi- 

Case v = 5: in the equation q defining X we have the terms irf; hence, to 
send go i n & multiple of itself, the ratios of the four parameters must be 
fifth roots of unity; if we normalize one of them to 1, the others must be of 
the form £ lg . 

Case v = 4: if we normalize A2 to 1, we have from go that Ai, A3, and \x\\ij, 
are fourth roots of unity; from q 2 we have that /U 2 = /i 2 , hence also jii and 
/Z3 are fourth roots of unity. Moreover we also observe that /Z3 = fij. 

Case v = 3: we can normalize Ai to 1, so that from po we have \x\ = /xf 1 , 
A*2 = mC J2 an d Mo = /u£ 2jl+2j2 , and from q we have 

A 2M V 1+i2 = ^ 2i2 =Al^; 

from these equations, we get A2 = ^ 2 - ?1 + j2 . We still have a continuous 
parameter; to kill it, we have to exploit the fact that ai + «2 ^ (see 
from |Rei78j ): this allows us to say that /1q = i- e - M 3 — C 2,52 - ^ 

Let P a be the matrix associated to the permutation a, corresponding to the 



multiplication by an element of Z*. Then Lemma 3.2 tells us that the possible 
matrices A representing an automorphism a of X are of the following forms. 

Case u = 5: A = diag(l,f 2 ,f 3 ,f 4 )P CT . 

Case v = A: A = diag^ 1 , 1, £' 3 , £ J1 , )P (T . 

Case v = 3: taking k = 2j x + j 2 , A = diag(l, ^ £ 2fe , l)P a . 

Remark 3.3. Up to now, we did not use that a(X) = X; that is, these matrices 
represent all the isomorphisms between points of M v , Let H v C Aut(P) be the 
group consisting of all these matrices; then H u = N Aut ( P )(G) and M v /H v is the 
coarse moduli space M v of Godeaux surfaces with torsion of order v. In particular, 
it is Z 5 k Z5 for v = 5, Z4 K Z4 for v — 4 and the symmetric group of order 6, 
Z3 k Z3, for v — 3. Note that the torsion group G C H v acts trivially on M v . 

Coming back to automorphisms, we have proved that for a given X, there is 
only a finite group of possible automorphisms. Depending on the actual equations 
defining X, Aut(X) is a subgroup of that group. In particular, we experience 
changing of Aut(X) when some parameters becomes zero or when the ratios of two 
parameters related by a permutation becomes a nw-th root of unity. If we work 
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on the parameters' affine space instead that on the coarse moduli space, i.e. on 
M v = A 8 for v £ {5,4}, and on M v = A 9 for v = 3, these changes of Aut(X) 
happens only in some vector subspaces of M v . Even with this simplification, there 
are eight or nine parameters which gives hundreds of different cases; this is the 
reason to use a program to automate the computations. 



3.2. Example: the case v = 5. To explain the program, we present the easier 
case. When v = 5, we have four generators, x%, X2, x 3 and X4, with degree 1, with 
only one relation in degree 5. An automorphism a of A is represented by a matrix 
of the form diag(l,^ l2 ,^ i2 ,^ l3 )Pcr, where a is the permutation given by the multi- 
plication by an element of Zg. We have to compute the possible automorphisms, 
one permutation a time. 

If a is the identity, then the generic equation is transformed by a to 

a*qo = x\ + x\ + xl + x\+ 

+ b 1 C 2+3l3+tl x 2 x 3 3 x i + b 2 C 3+u x 3 lX3 x 4 + 
+ b 3 e 2+3u x lX2 xl + b 4 ^+ ls x 1 x 3 x 3 + 

+ Ci£ 2l2+I3+2U 2^3^4 + C 2 ^ l3+2U X 1 X 2 3 xl + 
+ C 3 e i2+l *X 2 xjx 4 + Ci C 2+213 X\X2X\. 

Since the terms x\ are unchanged, the condition on i 2 , i 3 and 14 for a to fix A" is 
a*qo = qo, i.e. this system of equations in Z5: 

h + 3«3 + i± = 0, 2i 2 + i 3 + 2« 4 ee 0, 

«3 + «4 = 0, 2i 3 + 2ii ee 0, J i 3 ee 2i 2 , 

i 2 + 3i 4 EE0, 2i 2 + «4 = 0, \ ii = 3i 2 . 

3z 2 + i 3 ee 0, z 2 + 2i 3 ee 0, 

Obviously this is so if all b s and c s are nonzero; if some of them are zero, then the 
associated equations are not in the system. 

If a is not the identity, there are also some swaps amongst the coefficients b s and 
c s ; for example if a corresponds to the multiplication by 4, we have 

&*qo = x\ + x\ + xl + xl+ 

+ b 4 ^ +l *x 2 x 3 3 x i + b 3 C 2+3M x 3 x 3Xi + 

+ b 2 C 3+ii x 1 x 2 xl + b 1 C 2+3l3+u x 1 x 3 x 3 + 
+ Ci C 2+2l3 xlx 3 xl + c 3 ( 2l2+li x l x 2 3 xl+ 

+ C2 e i3+2u x 2 x 2 x 4 + Cl e i2+i3+2ii x\x2xi 

and for a to fix X we need again a*qo = qo. But because of the nontrivial per- 
mutation, necessary conditions to have an automorphisms are that 61/64 is a fifth 
root of unity and the same for all the coefficients swapped. We define n s ,t and m s ,t 
in such a way that b s /b t — £" s ' 4 and c s /c t = £™ 3 t , assuming this is possible. This 
time the system of equations will give conditions not only on the entries of a, but 
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also on the coefficients of q<j: 

nj.,4 = 3*2 +*3j mi,4 = «2 + 2« 3 , 

-"3,2 = «2 + 3i 4 , -m 3 , 2 = 2i 2 + *4, 

«3,2 = «3+«4, TO 3i2 = 2i 3 + 2i 4 , 

-ni,4 = i2 + 3i 3 + i 4 , -mi,4 = 2i 2 + z 3 + 2i 4 , 

"3,2 = 2ni, 4 , 
toi. 4 = 2ni : 4, A 
m 3 ,2 = 4ra M 



i 3 = 2i 2 + Ul,4, 
«4 = 3^2 + Ul, 4 



This means that even if all coefficients are nonzero, we will have automorphisms 
with this permutation only in the five four-dimensional subspaces of M5 defined by 

h = b 4 c iA , h=b 2 e niA , 

Continuing with the last two permutations, doing all the computations, and 
combining all the data collected, we arrive at the complete description of the auto- 
morphisms group of Godeaux surfaces with torsion of order 5. 

3.3. Description of the program. In this section we will describe the program we 
wrote to compute the automorphisms groups. It is available at |Mag| . It is written 
in Python, using the library sympy to handle symbolic computation. It also uses 
GAP, mainly to identify the groups we obtain at the end of the computation. 
Here are the main classes, with their methods. 

(1) The class GAPInterf ace connects the main program with GAP. Its public 
methods are: 

• NullSpaceMat, which returns the kernel of a matrix given as input; 

• IdSmallGroup, which returns the id of a group in the GAP's small 
group list; the group is passed as a list of generators and a list of 
relations. 

It uses internally rewrite_expr, which translate an expression from sympy 
to GAP. 

(2) The class LinearModularParametricSystem solves a linear system in the 
ring Z„, 3 < v < 5; it is parametric in the sense that some unknowns are 
treated as parameters, and, in the solution, the the value of a parameter 
cannot depend on a regular unknown. Its main methods are: 

• solve, with the obvious meaning; 

• iter .solutions, which returns an iterator through all the possible 
values of the regular unknowns (eventually depending on the parame- 
ters); 

• gens_sample_solutions, same as before, but substituting a sample 
values for the parameters (i.e. all zeroes) and returning only the gen- 
erators of the solutions; 

• iter_pars_solutions, which returns an iterator through all the pos- 
sible values of the parameters. 

(3) The class VectorSpace implements complex vector subspace: it takes as 
input two lists, of generators and of linear equations. 

(4) The class GodeauxAutomorphismComputer is where the actual computation 
is done. We will describe it in detail later. 
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We have three functions which define the needed data for the three cases and 
call GodeauxAutomorphismComputer. The input data are the following (between 
parenthesis the data for the example v = 5): 

(1) n (5), the order of the torsion group; 

(2) monomials {x\ , . . . , x\ x%x\), the monomials involved in the equations of X; 

(3) mocLpars (i>i, ... ,64,01, . . .04), the basis of M„; 

(4) cr_gens (x\, . . . , £4), the generator of H°(X,K.x) or H°(X,2/C X ); in the 
latter case, if the generators were x s in degree 1 and y s in degree 2, we put 
the y s and the products x s xt denoted as x St t] 

(5) cr_rels (equation ([l}), the relations between elements of cr_gens, depend- 
ing on mocLpars, excluding the trivial ones such as x s tx u v = x StU Xt tV ] 

(6) cr_rels_multiplier (1), the coefficients of the relations cr_rels, after 
applying an automorphism; since in every equation there is a constant 
monomial, we know this coefficient; 

(7) sys_unks (ig, is, h), the list of unknown exponents of £ in the definition of 
the general automorphism a; 

(8) sys_pars (riij, TUij), the list of possible parameters showing up in the 
computations; 

(9) sys_pars_coupling ((6j, bj) ^ Uij, . . . ), a dictionary that associate a pa- 
rameter in sys_pars to a ratio between two coefficients in mocLpars; 

(10) alpha (diag(l,£ i2 ,£ l3 ,£ u )), the generic automorphism with = 1; 

(11) perms (I, P = P(2,4,3,i), P 2 , P 3 ), a dictionary that associate to a number in 
Z* the permutation matrix; in particular we get the generic automorphism 
with permutation h as alpha * perms [h] ; 

(12) rho (diag(l, £, £ 2 , £, 3 )), the matrix representing a generator for the action 
of Z„ on P; 

(13) psi (diag(£,£, £, ^)), generators for the group to quotient by to obtain 
PGL(n + 1) from GL(n + 1); this is needed since GAP does not under- 
stand projective matrices groups. 

The class GodeauxAutomorphismComputer splits the computation in three steps, 
each of which consisting in a private method. 

(1) The first method, compute_equations, builds the dictionary equations, 
indexed by permutations and pairs of elements of mod_pars, of modular 
equations that will compose the systems to be solved. For example, if 
v = 5, the entry corresponding to the permutation 4 and parameters (64, b\) 
is the equation —711,4 = ii + 3?3 + 14. The dictionary is built applying the 
generic automorphism alpha * perms [h] and comparing the coefficients 
of the elements of monomials. 

(2) The second method, compute_solutions, iterates through all possible van- 
ishing of elements in mod_pars, that is in {0,1} S or {0,1} ; for every 
vanishing and every permutation, it takes the equations from equation 
and call LinearModularParametricSystem to solve it. After this, it com- 
putes the relations between the parameters needed to have solutions, that 
is, the vector subspace where the solutions live. It builds a dictionary, 
automorphisms_gens, indexed by the various vector spaces and with val- 
ues the set of matrices generating the automorphisms group found solving 
the system. The last thing it does is to propagate the set of automorphisms 
of a larger vector space V to the set of vector space contained in V. 
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(3) The third method, regroup_solutions, takes all these informations, spread 
in all the vector spaces and collects them together. Firstly, it computes 
G^lP's id for all the possible set of generators, and build a dictionary in- 
dexed by these ids and with values the list of vector spaces which have that 
group as automorphisms group. Then it remove from these lists irrelevant 
vector spaces, that is the ones that are contained in a different space with 
the same automorphisms group. 

4. The results 

4.1. Torsion of order five. The results given by the program are listed in Table[l] 
(where s, t G Z5 and u,v £ Z5). 



Group 


GAP id 


V. sp. 


Equations 


Dim. 


Comp. 


{1} 


(1,1) 


M 5 




8 


1 


z 2 


(2,1) 


Q, 


h = 6 4 e ci = C4 e s 
h = b 2 e s c 3 = C2 e s 


4 


5 


Z 4 


(4,1) 


Ps,t 


h = 6 2 e + * ci = C2 e s+2t 
b 2 = he c 2 = C4 e s 

fe 3 = 6ie 3s+t c 3 = Cl e +2t 


2 


25 


z 5 


(5,1) 


H u 


b v = c v — 0, Vw 7^ u 


2 


4 


Zj? t<Z 4 


(100,10) 


O 


b v = c v = 0, \fv 





1 




Table 1. 


Special subcomponents in the case v 


= 5. 





We also have the relations of containment amongst the various vector spaces, 
recorded in Figure [l] (a vertical path means that the space at the lower end is 
contained in the one at the upper end). 




dim=8 



dim=4 



dim=2 



dim=0 



Figure 1. Hasse diagram for v = 5. 

Remark 4.1. We worked in M 5 ; it may happen that some of them lie in the locus 
of M5 we have to wipe out because of bad singularities. This is not the case for 
v = 5: we know that the origin O represents a Godeaux surface (actually, the one 
Godeaux himself constructed) . Hence, the space of Godeaux surfaces is a nonempty 
open set in every subspace we consider, since each one passes through the origin. 
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It is easy to see that the high number of components in the three middle cases 
are due to the fact that up to now we are considering Ms and not M5 itself. 
Indeed, passing to the quotient, all the components collapse in M5 to one irreducible 
component for each group. 

4.2. Torsion of order four. The results for the case v = 4 are given in Table [2] 
(where s, v € Z£). In this case, the origin does not represent anymore a Godeaux 
surface. Indeed, in the origin we have g 2 = t/i+J/f which is reducible. Therefore, the 
argument of Remark |4.1| does not apply. We will show later that the three vector 
spaces with a bullet on the right are exactly the ones not containing Godeaux 
surfaces. 



Group GAP id V. sp. Equations Dim. Comp. 



{1} 


(1,1) 


M 4 




8 


1 




z 2 


(2,1) 


Ri 

y v S 

r> 

J* 2 

R3 


b v = 0, Vu 
h = b 3 C 

ci=c 3 e s d^dsf 8 
a' = 63 = c v = 0, Vf 
a! = b\ = c v = 0, Vu 


6 
5 

4 

4 


1 

2 

i 
1 




%l 


(4,2) 


Ri,s 

P>-5,s 

s 5 


b v = 0, Vu 

ci = c 3 £_ s di = d 3 £ s 
a' = 61 = 63 = 

ci = c 3 e d x = d 3 ^ +2 

a 1 = by = c.y = 0, Vw 


4 

3 
3 


2 

2 
1 




z 4 


(4,1) 


s 3 


a' = b v = d v = 0, \fv 

a = a 1 = b 3 = c v = d 3 = 0, Vt> 

a = a' = b\ = c v = di = 0, Vt> 


3 
2 
2 


1 
1 
1 




Z 4 x Z 2 


(8,2) 


5*6, s 

T 4 , s 

T 2 
T 3 


a' = by = d v — 0, Vt; 
ci = c 3 £ s 

a = a! = by = d v = 0, Vu 

ci = c 3 e +1 

a = a 1 = by = Cy = d 3 = 0, Vu 
a = a! = by = c v = d\ = 0, Vu 


2 

1 

1 
1 


2 

2 

1 
1 




D 8 


(8,3) 


Si 

<SV,s 


6„ = c.„ = d„ = 0, Vv 

a' = by = Cy = 0, Vw 

di = da? 


2 
2 


1 

2 


• 


(Z 4 x Z 2 ) x Z 2 


(16,13) 


Zi 


a' = by = Cy = dy = 0, Vf 


1 


1 


• 


Z 4 x Z 2 


(32,11) 





a = a! = by = Cy = d v = 0, Vw 





1 


• 



Table 2. Special subcomponents in the case v = 4. 



Again, when a space has several components, they collapse to one in M 4 ; more- 
over, we can easily check that i? 2 and R 3 collapse into one irreducible component 
inside M 4 ; the same is true for 5* 2 and S3, and T 2 and T 3 . We define i? 2j 3 = i? 2 Ui?3, 
£2,3 = S 2 U S 3 and T 2) 3 = T 2 U T 3 . 
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As we did before, we represent all the vector spaces into Figure [2j ordered by 
containment. We recall that a vertical path means containment, but here we have 
also vertical dashed segments: for example, the one connecting T4. s with Se, s means 
that the former is not contained in the latter, but it is so when seen in the quotient 
M4. Also, vector spaces with dashed circle are the same as marked vector spaces in 
the table (that is, they do not contain any point representing Godeaux surfaces). 
To prove that they are exactly the spaces not containing Godeaux surfaces, we 
"climb" the diagram starting from the origin O, and for each space we check if it 
contains some (equivalently, an open subset of) Godeaux surfaces. 




dim=8 



dim— 6 



dim— 5 



dim=4 



dim— 3 



dim=2 



dim— 1 



dim=0 



Figure 2. Hasse diagram for v = 4. 

We already seen that O cannot corresponds to a Godeaux surface, since q 2 = y\ + 
2/f is reducible. For the same reason, T\ and S\ do not contain points corresponding 
to Godeaux surfaces. 

In T 2 we have these equations: 

qo = A + A + x\ + axfxl + ?/i2/3, 
q 2 = dix\x 2 2 +y\ + y\\ 

dehomogenizing by Xi, i € {1,2,3}, we obtain an affine covering of A, so we can 
compute the singularities via the Jacobian matrix. For example, in the open set 
(xi 7^ 0) = A 4 we have 

/ \x\ Ax\ ?/3 2/1 V 
\2d lX2 22/i 22/3 yJ' 
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thanks to the last minor involving only the j/j, we have two cases in which J has 
rank strictly less than 2. 

(1) If 2/1=2/3 = 0, the other minors, involving only the Xi, have to be 0, so we 
have the following equations: 

= 8diX2xl — 1 + x\ + x\ — d\x\. 

Since we are interested in an open subset of T 2 , we may assume d\ ^ so 
we get four singular points X2 — 0, X3 — £ J y/ —\. 

(2) If 2/3 = ±?/i 7^ 0, then the second row is plus or minus two times the first 
row; in particular we have 

= x 3 = 8x1 T 2dix 2 = 1 + x\ ± y\ = d\x\ + 2y\. 

It cannot happen that X2 = 0, so x\ = di/4 and y\ — — df/8; but this 
implies d\ = 16 and we can discard this particular situation that happens 
only in a proper closed subset of T%. 
In the same way we can find singular points in the other two affine open subsets 
(x 2 7^ 0) and (xs 7^ 0), and the result is that we have 8 singular points for the 
surface X represented by a generic point of T 2 : 

[1,0,^^=1,0,0], [o,i,^V=I,o,o]. 

Now we have to check if these are rational double points or worse. For example, 
consider the point p = [1, 0, £ J ' 0, 0] in the affine open set relative to x%, we 
have (dqo/dx3)\ p ^ 0, hence we can represent, analitically locally, X3 as £3(2?) + 
9(^2, 2/i> 2/3)- Substituting x$ in q 2 , we obtain the expression 

<Z2 = 2/1+2/3 +x 3 (p)dixl H 

where x^{p) 7^ and the other terms are of order at least three in p. So the 
singularity is of type ^4i, in particular it is a rational double point. The situation 
is the same for every other singular point (since they're in the same G-orbit), so we 
conclude that in T 2 there is a nonempty open set of Godeaux surfaces. 

The situation in T3 is completely specular. We do not write the similar compu- 
tation for T$ t i and Sf^ anyway both contain an open subset of Godeaux surfaces. 

4.3. Torsion of order three. The results given from the program in the case 
v = 3 are simpler then the others. This is understandable: going from Z5 to Z4 
we've seen an increasing complexity on the vector spaces, but a decreasing order of 
the automorphisms groups. In this last case, the latter behaviour prevails on the 
former. 



Group 


GAP id 


V. sp. 


Equations 


Dim. 


Comp. 


{1} 


(1,1) 


Ma 




9 


1 


Z 2 


(2,1) 


A 


cli = a 2 = h = b 2 = 


5 


1 • 



Table 3. Special subcomponents in the case v = 3. 



Indeed, the results listed in Table [3] are just two lines, the second of them de- 
scribing a vector space not containing any Godeaux surface (we already use that 
for a point to describe a Godeaux surface, it must be a 1 + a 2 7^ 0); i.e. Godeaux 
surfaces with torsion of order three have no nontrivial automorphisms. 
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5. Moduli stacks 



In this section we define the moduli stack 3Jt„ of Godeaux surfaces with torsion of 
order v and relate it to the computation of automorphisms of the previous section. 
More precisely, let G = Z„ be the torsion group of a Godeaux surface S realized as 
a subgroup of Aut(P) as i n|2~lj H„ = N Aut(P) (G) as in Rcmark|3.3l and denote with 
M. v the quotient stack \M V /{H V /G)\. We will show that there is a natural map 
$ : M-v — >• mX v and that it is an equivalence on points. Moreover, we will show that 
this map is an isomorphism in the case v = 5; there are no reasons to doubt that 
this holds also for the other torsions. Nevertheless we would need finer arguments, 
since the description of the canonical model of a surface with lower torsion is not 
as nice as in the case v = 5. 



Remark 5.1. There are two natural definitions for the moduli stack of surfaces: 
the first considers flat projective families where the fibers are smooth minimal 
models of some surface in the class; the second considers canonical models instead 
of minimal models. Often the latter seems more natural than the former and here 
we will pursue this approach. Recall that for a Godeaux surface S 1 , we denoted with 
X — > S the smooth cover coming from Tors(<S), and with X and S the canonical 
models of X and S. 

Definition 5.2. The moduli stack of Godeaux surfaces with torsion of order v is 
the stack 9J?„ defined as a category fibered in groupoids by: 



Obj(ajl„) = < tt: S b -> B 



Mor OTi/ (7r,vr') = { (<£,V) 



S B 



D 



tt flat, projective, 
Vfe G B, §b is the canonical 
model of a Godeaux surface 
with torsion of order v 



TT □ A 

**-» B' 



and 



the projection to schemes sends tt: Sb — > B to B and (<j>,ip) to 4>. 

Proposition 5.3. There exists a natural morphism of stacks $: M. v — > 9Jl^ . 

Proof. Let $ : M v — > 971^ be the morphism determined by the universal family 
U — > M„, with U C M v x (P /G). We will prove that $ is iJ^-equivariant, and so 
it passes to the quotient (recall that G C H u acts trivially on M v ). 

Being H v -eqwi variant means that for every h £ B v we have a canonical 2- 
morphism r] making the following diagram 2-commutative: 
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Given a map f:T—¥ M v , we have that $(/) is the family St — > T in the cartesian 
diagram 

S T > U 



*(/) 



□ 



and in the same way $oh(f) is the family S' T — > T. We have to define rj(f) : $(/) =J 
$ o h(f) as a couple of morphisms (g,g) making the following diagram cartesian: 



Srp 



*(/) 



Since 

S t = Txm v U CTx fi> (M„ x (P/G)) = T x (P/G), 
over every point t E T we have the natural isomorphism /i: Sr.* — >■ Sj. t , that 
extends to V : St ^ S' T , and we define r/(/) = (idy,^)- □ 

Lemma 5.4. TTie morphism <£> induces an equivalence of groupoids 3>(C) : A4„(C) — > 

art„(C). 

Proof. An object of .M„(C) is a diagram 



-> M„ 



SpecC 

with tt an (iJ 1/ /G)-torsor and / an (iJ 1/ /G)-equivariant morphism; in other words, 



M V (C) = { (T, f) 



T = H u /G as schemes \ 
H v /G acts freely on T > 
/ (i? y /G)-equivariant J 



As a consequence, all the points of T are mapped to points of M v corresponding 
to the same Godeaux surface, modulo isomorphism, that is the image of the object 
via $(C). 

We will prove that $(C) is essentially surjective and that is bijective on mor- 
phisms. 

Essentially surjective: we have to prove that for every Godeaux surface S 
there exists a point in M V (C) sent to a surface isomorphic to the canon- 
ical model of S. The object {H v /G,f) will do if /(e) e M v is a point 
corresponding to S, and / is extended equivariantly. 

Bijection on morphisms: we have to prove that automorphisms of (T, /) 
are in a bijection with automorphisms of S = $(C)(T, /); this is exactly 
what we proved in the previous section, since automorphisms of (T, /) are 
in a bijection with stabilizers of H u /G over a point f(t) for t e T (this does 
not change when t changes since all f(t) are in the same orbit). □ 
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We recall here a useful statement. 

Lemma 5.5. Let X and Y be smooth stacks of dimension d; then a morphism 
f : X — > Y is an isomorphism if and only if 

(1) /(SpecC) is an equivalence of groupoids, and 

(2) / is bijective on tangent vectors. 

Remark 5.6. For a Godeaux surface S, Riemann-Roch yields 

x(T s ) = 2/C|-10x(Os) = -8, 

hence h 2 (S, T s ) = if and only if h^S, T s ) = 8. If S is a Godeaux surface with 
singular canonical model, we can still define the Euler characteristic of the pair 
(n g ,O s ) to be 

2 
i=0 

generalizing the previous one. We know that S can be deformed to a Godeaux sur- 
face S' with smooth canonical model; since the dimensions of the Ext groups are 
deformation invariants, the previous computation ensures xi^s^s) ~ 8- More- 
over, since S is of general type, ext°(fi<j, 0§) = 0, and we obtain again 

ext l (Sl§,Os) = 8 ext 2 (ng,Og) = 0. 

Remark 5.7. To show that $ : Ai v — > 3Jt„ is an isomorphism, it is enough to prove 
that for every Godeaux surface S with torsion of order v, we have: 

(1) ext 1 (n s ,O s )=8; 

(2) $ is bijective on tangent vectors. 

Clearly M. v is smooth of dimension 8. The first condition ensures, by Remark 
that also the moduli stack 9Jt„ is so. Hence we can apply the criterion of Lemma 



5^ 
53 



condition 5.5|1 is already proved in Lemma 5.4 while condition 5.5|2 is the second 
requirement listed here. 

We will prove the two conditions in the case v = 5. In the following, we will 
write "Godeaux surface" for "Godeaux surface with torsion of order 5" . 

Lemma 5.8. Let ICP 3 be a quintic hypersurface with at most RDP as singular- 
ities: then H 1 (X, Tpn vanishes. 

Proof. We will prove that H 1 (X,T P 3|jf) v = 0. By Serre duality and since by 
adjunction = Ox(l), this is equal to H 1 (X, Q P 3 \ x (1)). 

From the cohomology of the Euler sequence tensored with Ox(l), we get 

R°(x,of n+1) ) -> n°(x,o x (i)) -> H 1 (x,rj p3 |^(i)) -> K 1 (x,o% in+1) y, 

the first map is surjective, while the last group is equal to H 1 (X, = 

since q(X) = 0. Hence, H X (X, S1 P 3 \x(l)) =0. □ 

Lemma 5.9. The moduli stack 931$ of Godeaux surfaces is smooth of dimension 8. 



Proof. By Remark 5.6 it is enough to show ext^fig, 0§) = 8 for every S. 

Let X — > S be the cover associated to the torsion of S; we have seen that X, 
the canonical model of X, embeds in P 3 as a quintic hypersurface with at most 
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RDP; also, Ext l (f2g, Og) is just the Z 5 -invariant part of Ext* (fijp, O x )- Applying 
the functor Hom( O x ) to 

-> Ox(-5) -> ^p 3 Ix fi x -> 0, 
we get the exact sequence 

(4) Eom(n x ,O x ) -> H^X.Tps^) -> H°(X, 0* (5)) -> 

-)■ Ext 1 ^,^) -> H 1 ^,^^). 

The first group is zero because X is of general type, while we already proved that 
the last one vanishes in Lemma |5.8| Therefore we have a short exact sequence and 
to compute ext 1 (O i 5, Og) we observe that 

(1) H°(X, T P 3 \x ) has the same dimension as the group PGL(4), 15; its Z5- 
invariant part has dimension 3, since it parametrizes infinitesimal defor- 
mation of linear isomorphisms of P 3 commuting with the action of G, and 
these correspond to diagonal matrices; 

(2) B°(X,O x (5)) has dimension H°(P 3 , O p3 (5)) - 1 = ( 3 + 5 ) - 1 = 55; as we 
saw before, h°(P 3 , O p3 (5)) Zs = 12, then h°(X, Ox(5)) Zs = 11. 

In particular, we obtain that ext^fig, Og) = ext^fijj, Ox ) Zr ' = 11 — 3 = 8. □ 

Lemma 5.10. The morphism $ is bijective on tangent vectors. 

Proof. Fix a Godeaux surface S. Then T^^g] = Ext^fig, Og), while Tm 5 ,[s] = 
^m 5 [S]' smce the projection M5 — > M5 is an etale cover. The morphism between 
the tangent spaces induced by $ is the restriction, first to the Zs-invariant part, 
then to T A ~ fs ^ , of the map 

B°(X,O x (5)) ^Ext\n x ,Ox) 

in the exact sequence Q. 

Let / be the quintic polynomial defining X; then H°(X, 0^-(5)) Zss , as the re- 
striction of H°(P 3 , P 3 (5)) Zb , consists of quintic polynomials invariant with respect 
to the action of G; but they can be interpreted also as infinitesimal deformations 
of / inside the quintic polynomials invariant with respect to G. In the same spirit, 
H°(X, T P 3 |x) Zs is the space of infinitesimal deformations of the identity matrix 
inside the matrices invariants with respect to G, that are the diagonal matrices. 

In other words, an element of H°(X, T P 3 |jf ) Zs can be represented by an infini- 
tesimal deformation I + eA with A a diagonal matrix, modulo multiplication with 
scalars; to this, we associate an infinitesimal deformation of polynomials (I + eA)f, 
represented by the polynomial Af in the space H°(X, 0p3(5)) Zs . Since A is diago- 
nal, Af has exactly the same monomials of /, only with different coefficients, and 
in particular it is of the form ^ ctjxf + • • • with dj =^ 0, and therefore does not 
intersect that contains only monomials without the terms xf. □ 

The last two lemmas, in view of Remark |5.7| yield the following theorem. 
Theorem 5.11. The morphism $: AI5 — > 9Jts is an isomorphism of stacks. 
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6. Inertia stacks 

In this section we will compute the inertia stack of A4 V for v G {3,4, 5}. Since 
M.z has trivial automorphisms groups (i.e., it is an algebraic space), we will work 
only onjM4 and AI5. These arc quotients of an open subscheme of A by an explicit 
finite group of projective matrices. Hence we can work out the components of the 
inertia stacks 1(^4) and I(-Ms) from these representations. 

6.1. Torsion of order five. Let us have a look at Figure [T] our problem is to 
identify automorphisms of Godeaux surfaces lying in different subspaces of M5. In 
the following, we will denote a generic surface in M5 as ; in the same way, we 
define Sq, Sp, Sh, So- 
la this case we do not need many computations: for example, there is a unique 
way to identify Aut(S f Q) = Z2 inside Aut(Sp) = Z4; the only ambiguities come 
up when we want to see where Aut(Sp) = Z 4 and Aut(Sn) = Z 5 goes inside 
Aut(So) = Z5 k Z4. These are not actual problems, since to construct I(A^5) wc 
only need to see which automorphisms go to coincide when viewed in a larger group. 
Then it is obvious that only the identities will coincide in Aut(S'o), since the other 
automorphisms have different orders. 

In order to explain the general principle, we will give the computation even if it 
is not really necessary. In the following, we will write all groups Aut(5') as subgroup 
of the group Aut(S'o); this one is the quotient by G = Z5 of the group H§ = Zl? k Zg. 
We will denote the matrix 

diag(i,r 2 ,e 3 ,f 4 )iV €ff„, 

where a is the permutation (2,1,3,4), with (i 2 , «3, 14, h); G lies inside H v as the 
subgroup generated by (1,2,3,0). The same program we used to compute the 
abstract automorphisms groups gives us also the automorphisms groups embedded 
in PGL(4); in particular we obtain the following representations in H v /G: 

Aut(S A4 ,) = ((0,0,0,0)), 

Aut(5 Q ) = ((0,0,0,2)), 

Aut(Sp) - ((0,0,0,1)), 

Aut(5 H ) = ((0,0,1,0)), 

Aut(5 G ) = ((1,0, 0,0), (0,1, 0,0), (0,0, 0,1)). 

Note that these arc the embedded automorphisms groups for just one component 
of H, P and Q: indeed, if we do not choose carefully the components we may end 
with incompatible groups. We just have to do a choice of components that satisfies 
the Hasse diagram of containments even in M5. 

Once we have this explicit description, we know how automorphisms glue amongst 
different subschemes of M 5 , and we can write down the 100 components of I(A^s): 

l(M 5 ) = (M 5 , (0, 0, 0, 0)) U (Q, (0, 0, 0, 2)) U |J (P, (0, 0, 0, h)) U 

fte{i,3} 

U [J (fT, (0,0,i,0)) U |_|(O,(»i,ia,i 3 ,*0), 

iG{l,2,3,4} i\MM,h 

where the last union runs over all the 92 elements of Aut(5 ) not previously consid- 
ered. We can find automorphisms groups of all subcomponents of the components 
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of the inertia stack by computing centralizers. For example, the automorphisms 
group of O C (Q, (0, 0, 0, 2)) is the centralizer of (0,0,0,2) inside H v /G, that is 
Z5 x Z5. It is easy to use GAP to compute all centralizers of each automorphism 
inside H u /G (we do not need the other centralizers since all other groups are abelian 
and so the centralizers are trivial). 

The following picture represents all the components of the inertia stack with all 
their stacky subcomponents (obviously with fake dimensions). 























/ 


/ 0,1% K z 4 


/ P.I4 















0,Z 5 x Z 4 



O.Z.J 



(Af 5 , (0,0,0,0)) 



(Q, (0,0,0,2)) U (P,(0,0,0,7t)) 

O,Z 5 xD 10 0,Zi 0,Z 5 xZ 2 O.Z 5 0,Z 4 











• 




• 




• 












• 






16< 
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48' 
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• 












• 




• 





UCff,(o,o,i,o)) 



92 

U (0,(i 3 ,» 3 ,»4,fc)) 



In particular we observe that the special point O inside the component (P, (0, 0, 0, h)) 
is not really special, since its automorphisms group is the same as the one of P. 



6.2. Torsion of order four. We proceed in the same way as before, using Figure[2] 
This time, all automorphisms live in the subgroup H4 = Z4 k Z2 of PGL(8). The 
isomorphism associates to (ii,ia,ji,h) the matrix 



dia g (^ , 1, e i3 , e a , e i+la , e 1 , e 1 , r 3i )p^ , 



where a is the permutation (1, 3) (4, 6)(7, 8). Inside iJ 4 , G is generated by (1, 3, 1, 0). 
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Component 


Aut(ft) 


(M4, (0,0, 0,0)) 




(#1,(2,2,0,0)) 


D s 


(W, (0,0, 0,1)) 


13, 


(J? 2 ,3,(0,2,0,0)) 


13, 


(#4,(2,2,0,1)) 


i3. 


(ft, (0,2, 2,0)) 


ill 


(ft, (0,2, 2,1)) 


Z4 


(ft, (0,2, 0,1)) 


z 4 



Table 4. Automorphisms groups for the ft subcomponents. 



We obtain the following presentation in H/G: 



Aut(ftvi 4 ) 


- ((0,0,0,0)), 




Aut(ftJ 


= ((2,2,0,0)), 




Aut(fty) 


= ((0,0,0,1)), 




Aut(ftJ 


= ((2, 2, 0,0), (0,0, 0,1)) 


= (Aut(5 w ),Aut(ft 1 )), 


Aut(5 fl2(3 ) 


= ((0,2,0,0)), 




Aut(ft 4 ) 


= ((1,1,0,0)), 




Aut(ft 5 ) 


= ((2, 2, 0,0), (0,2, 0,0)) 


= (Aut(ftJ,Aut(ft 2 , 3 )), 


Aut(ftJ 


= ((1,1, 0,0), (0,0, 0,1)) 


= (Aut(ftv),Aut(ft 4 )), 


Aut(ft 7 ) 


= ((2,2,0,0), (0,2,0,0), (0,0,0,1)) 


= (Aut(SV),Aut(ft 5 )), 


Aut(5 S2(3 ) 


= ((0,1,0,0)), 




Aut(ft 2 3 ) 


= ((0,1, 0,0), (2, 2, 0,0)) 


= (Aut(ft 4 ),Aut(ft 1 )). 



Now we can write the inertia stack: 



l(M 4 ) = (M A , (0, 0, 0, 0)) U (ft, (2, 2, 0, 0)) U (W, (0, 0, 0, 1)) U 

U (ft,3,(0,2,0,0)) U (#4,(2,2,0,1)) U (ft,(0,2,2,0))U 

U |J(54,(i,i,0,0)) U |_|(ft )3 ,(0,i,0,0)) U |J(ft,(i,i,0,l))U 

i£{l,3} *6{1,3} »6{1,3} 

U [J (57,(0,2,1,1)) U [J (73,3,(2,1, 0,0)). 

iG{0,2} i6{l,3} 

We do not try to draw the components, since there are many more than in the 
case v = 5 and more scattered through the various dimensions. We still have to 
show what are the automorphisms groups of the subcomponents of the components 
of the inertia stack. Again, these are trivially the original automorphisms groups if 
this is abelian; so the only case to study is ft. Table [4] sums up the results gathered 
with a GAP program similar to the one previously used. 
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